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PARAMETERS OF AN ELASTOPLASTIC DILATATION MODEL 

FOR EARTH MATERIALS 

S. M. Kapustyanskii and V. N. Nikolaevskii UDC 622.011.4:622.023 

Strength and dilatation coefficients were taken as a function of the hardening (softening) 
parameter from data from triaxial tests of specimens of earth materials in compression. It 
was found that there is a significant change on cohesion, internal friction, and dilatation 
rate with a change in pressure and initial porosity. The results obtained make it possible 
to perform n~merical calculations of geodynamic processs with multiple internal fractures. 

i. The closed mathematical model of the elastoplastic deformation of earth materials 
includes the momentum balance equation 

PdvJdt= OS~j/O~ --Op/Oz i + f~, 

where p is density; vi, mass velocity; Sij, stress tensor-deviator; p, pressure; Fi, the 
body forces and the governing relations characteristic of earth materials. An important 
element of the latter is allowing simultaneously for internal friction and dilatation. 

The laws of flow with hardening used below [i] will be represented in the form 

dSij/dt = 2G(ei7 - -  eSiy/3 -- ~Si7),~p/dt = - - K ( e  - -  2~Ax), 
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TABLE 1 

Classification 
number 

too, % ~,MPa ~ 2 Yl 'to3 s x S 2 S 3 

Nugget 

P-0 
D-? 
P-4 
F-03 
P-0i 
P'O2 

P-5 
P -026 
P-02i �9 

V0 
NVO 

D-8 
P-04 
D -i2 

Sandstones 
0,36 t20 
t t43 
t,3 t46 
1,5 t43 
i,7 t26 
2 t59 
4 202 
5,3 74 
5,7 46 
6 65 
6 71 
6 t.50 
7,4 66 

18,6 39 
- -  79 

4,1 
2,0 
3,2 
2,0 
2,5 
2,0 
1,6 
3,i 

1,2 
0,7 

1,7 
2,8 
1,6 

2,i 
2,0 
t,5 
t,7 
1,7 
t,6 

.t,6 
t,5 

t,3 
0,8 

t,3 
2,4 
t,2 

23 0,56 
31 0,56 

i9 0,61 
- -  0,62 
12 0,65 

-- 0,67 

4 0,7t 
i0 0,68 

l i  0,6(] 
4 0,71 

0,66 
0,62 
0,69 
0,67 
0,66 
0,70 
0,58 
0,69 
0,69 
0,75 
0,71 
0,80 
0,69 
0,75 
0,74 

0,85 

Biotite 
Climax gran0dlorite 
W esterly 

Granodiorite Hoggar 
Biotitic plagiogranite 
Plagiogranite 

From hole 328 
P-4 

From hole 322 
330 

P-3 
P-2 
P-6 
P- I  
D -t9 

Granites 
0,6 90 
0,7 150 
0,8 1t0 

- -  t05 
1,6 145 
2,2 t67 

Siltstone 

1,2 91 
i,3 t37 
t,67 79 
2 ,76 
2,i t22 
2,2 t68 
2~6 53 
3,6 104 
- -  , 9 0  

3,1 

2,5 
i,9 

2,3 

t,7 

t,7 
2,6 
5,9! 
3,6 
2,2 

2,6 2 

8O 

t,6 
i,5 

1,9 30 

t,5 --  

t,4 - -  

1 , 6  - -  

4 , 4  --  
2,i - -  
t,5 --  

0,74 
0,58 

0,43 

0,41 
0,38 

0,65 

0,77 
0,75 

0,80 

0,48 
0,69 
0,48 
0,45 
0,70 
0,64 
0,64' 
0,70 
0,70 

0 , 8 7  

Marbles 

Marble I 0,92 60 5,6 

Limestones 

D.-6 ] t 92 I 5,1 
Estonian shale --  40 3,0 

HMA 17,4 33 7,2 

Diabase~ 

6,4 [ 010,  0 , 5 9  " - -  
2 , 6  0 0 , 6 4 0 , 6 9 0 , 8 4  

2,91 o 10,0, I0,051 - 2,2 0 0,50 0,55 - -  
4,5 --  --  0,60 - -  

" I~ i  '9i '8 1~176 - 
B r a t s k  hydroelectric power 0,98 150 3,7 2,3 t9 0,6t 0,64 

plant Diorites 

.N~ II 
Quartz 

0,15 t,5 I 14 0,56 -- 0,36 [ 208 t25 I 2'1 3 I 0'52 0,76 - -  

where ~/dt is Jaumann derivative; eii= (I/2)(avJOx1+ Ov/axi) is the strain ratetensor; e = 3vi/Sxi: 

d~ I {3GS~je~j ocp ~ Ocp\ l 

0~ Op 2~ d)~ O• i 
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P 

Fig. i 

Here K .  
1 " 

4r2  t t = ~S{jSij ,  S i j = f f i j + P 6 i j ,  P = - - ~ f f i i "  

For  t h e  s o l u t i o n  t o  be  u n i q u e ,  we need  t o  s a t i s f y  t h e  c o n d i t i o n  h > O. 
c o n t i n u o u s  d e v e l o p m e n t  o f  p l a s t i c  f l o w  i s  i m p o s s i b l e .  

We will seek the condition of plastic loading in the form 

is the hardening (softening) parameter; �9 is the shear stress intensity; the stress 

At 5 < 0, the 

(p(-,:, p, • = ~ -- ,%@) -- h(p)• = O, 

where the subscript i = i denotes the process of plastic strain hardening, i = 2 denotes 
softening, and i = 3 denotes residual strength: ~i(p) and fi(P) represent the corresponding 
pressure functions. Plastic flow occurs if ~0 = 0, dq~ = 0, and $ > 0. If ~ < 0 or $ < 0, 
elastic unloading takes place. 

The abowa-used bulk and shear moduli K and G depend on p and <i" The modulus K may 
also depend on the sign of dp, which makes it possible to consider irreversible volume 
strain during cubic compression. The dilatation rate A = deP/Jd7PJ is determined as the 
plastic increment of the volume due to a unit increment of plastic shear: 

= : -- -~ deijSij. 

2. In accordance with the general form of the surfaces of the elastic limit (i = i), 
maximum strength (i = 2), and residual strength (i = 3), we take the function ~i(P) in the form 
(i = i, 2, 3) 

~i = (Yi ~ cqP) si (P < p{m)), 

co. t (p > g")),  

<<~ = (z~ - rO/~ 7, z~ =( ,7 )  ' '~,  
: - ~ ~ 1 7 6 1 7 6  ,~o ~-, "~7 " ~ 

~yi "1, 2 = = Xr/~:l' 

v l  ~ ( 2 ,  ~ = ( i -  "~ 

= , ,  = 

where T and p are dimensionless quantities (T~ and p~ = (213)T~ are used as the parameters for 
conversion to dimensionless form); ~i and S i are constants for each earth material. The 
numbers ~, ~, T~ are the values of the elastic limit and ultimate strength (maximum and 
residual) in uniaxial compression. The pressures p(~) and p(~) = p(~) characterize the transi- 
tion from Coulomb plastic states to Tresca-non-Mises states, respectively, during the initial 
stage of dilatational deformation and beyond the ultimate strength. In deriving the ex- 
pression for p(~), we used the experimental result in [2] on the approximate independence of 
the specific value of the ratio C m = oi/o 3 % 0.3, characterizing this transition, on the type 
of earth material. It should be noted that the minimum value of the pressure p = P0 at which 
flow of the material can still occur is determined on the hardening section from the condition 

~l(P0) = ~2(P0)- 

The hardening parameter is calculated from the formula 
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TABLE 2 

Classi fication 
number 

0 
~3 A I  . o  A o a 0 

% 

P-0 
D-9 
P-4 

P -03 
P-0t 
P -02 
P-5 
P -026 
P- 021 
VO 
NVO 

Nugget 
D-8 

P -04 

D -12 

Arcose 

Biotite 
Cl imax granodiorite 

Westerly 
B i o t i t i c  p ! aK iog ran i t e  
P la~io~ranite 

From holes 328 
322 
330 

D-t9 

Marble �9 II 
Marble I 
Karrarsk 
Tenesse 

D-6 
Estonian shale 

KMA 

d'Fuville 

~ 5  

Bratsk hydroelectric 
power plant 

120 
t43 

. t46 
143 
t26 
159 
202 

74 I 
46 
65 
7t 

150 

66 

39 

79 

34 

87 
t50 
110 
t45 
t67 

Sandstones 

0,74 -- 

0,70 -- 

0,34 -- 

0,73 -- 
0,85 -- 

0,85 --  
0,74 - -  
0,78 -- 

0,72 -- 

0,78 0,0 
0,85 0,0 

0,77 - -  

0,62 - -  

0,7i -- 

Granite 

0,80 0,07 
0,20 - -  

'0,85 O,02 
0,86 0,02 

S il ts to nes 

20 
t9 

2i 
t9 
t3 
6,4 
2O 
40 
35 
32 

26 
33 

5,( 
2,] 

1,( 

39 

t ,44 
0,7i 

1,20 
1,27 
1,07 

t,10 
t,22 
1.50 
1,40 
t,85 

t,58 

t,90 

0,94 

0 , 6 3  
0,93 

t , 6o ]  
1,29 ! 
0,23 

0,64 
0,80 
1,14 
1,3t 
2,30 

~,76 

t,20 

),54 

0,9 t,5 

1,42 
t,4 
2,4 

t,6 1,4 

0,93 

6t 
51 

49 
59 
51 

30 
47 
32 

40 

51 

32 

1 ~ 3~ 11"7q- l ~ - 79 0,76 - -  t,0 0,70 
76 0,82 1,08 0,35 
90 0,76 0,74 t , l l  

Marbles 

60 0,56 - -  - -  - -  0,87 - -  0,50 - -  
38 -- 0,t3 0;3 . . . .  

~6 o,16 18 

Limestones 

I,,1~ 12~ E~176 I I~176 I 40 0,72 - -  0,28 2,t5 - -  
33 0,45 - -  - -  
i6 - -  0,32 9,0 

Diabases 

t50 I 0,92 - -  - -  t ,00 [ 59 0,92 

Diorite$ 

125 0,64 24 0,8t Quartz 

- - 1 1 ' 1 9 1 8 3  
0,44 32 

~1 = v~ V (2v p -  eP)/3, 

where py is the reference pressure, corresponding to point A of the intersection of the strain 

path with the elastic limit (see Fig, i); 

S 1 , 
n = "1 - 2 ( ~ ; ~ q -  i) ( a < / ~ > ) ;  " =  o ( p ~ > ~ / y ) ,  

. = . ,  ( ~ 7  > - a ) / ( ~ i  ~) - ~i~>) (~t  ~) < ~.  < p 7  > ). 
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TABLE 3 

Coefficienm 

714 i 

N i �9 10 a 
K ,% 

Y1 

0,02 
- - i , i  

S 1 6' 2 

0,61 0,66 
6,3 5,6 
58 86 

Sandstones 

0,80 20 
-__?,4 tt00 

69 

AO 

t,03 
50 
86 

a 0 

0,79 
51 
85 

R1 

0,05 
--t,4 

70 

�9 Silt stones 

S 2 A0 

0,46 f,3i 
65 --140 
46 84 

a 0 

t,43 
--510 

93 

The softening parameter is determined in the form 

• A (2yP--eP), -- S~ 
3 ' q 2 (I--T3/T2)' 

where Pf is the reference pressure corresponding to point B of the intersection of the strain 
path with the ultimate strength; b(27P - eP) is the increment of the quantity (27P - eP) 
from its value at the ultimate strength. The decay modulus M is calculated from the formula 

M M ~ ( P 7 )  - -  

M = 0  

w h e r e  M ~ i s  t h e  d e c a y  m o d u l u s  i n  u n i a x i a l  c o m p r e s s i o n  n o r m a l i z e d  on ~ .  
w i l l  be r e p r e s e n t e d  by t h e  power  e x p r e s s i o n s  f i ( P )  = Aip  - m i ,  A2 = - 1 ,  A 3 

The invariant form of the dilatation rate on the hardening and softening sections is 

determined by the formula 

The function fi(P) 
= 0, 

A =  A ~ {-- a0 sign (R)~/~R-]} (R >/ b or /~ < bandT<~2) .  

A = A  ~  l s i g n ( R ) - ~ / ' ~ }  ( R < b a n d  T~>T2). 

Here, R = (p -- ~)13 (in particular, if o 2 = ol, then R = 

A ~ and A~ are the dilatation rates in uniaxial compression to the left and right of the ulti- 
mate strength.. At R ~ b, the rate does not undergo any sharp change when the ultimate strength 
is crossed. The parameter b is close to zero (b > 0), but there are still no experimental 

values of it. 

The expression for the dilatation rate was obtained from analysis of the empirical data 
in [2, 3]. With a constant lateral pressure oi, the quantity A does not change during defor- 
mation up to the residual strength. At the residual strength, A abruptly decreases up to 
zero. At small values of [oi], certain earth materials are characterized by a sudden in- 
crease in A with the crossing of the ultimate strength. 

The elastic moduli K and G can be calculated as follows. There is almost no change in 
these moduli during deformation on the strain hardening section [4]. This is also evidently 
true of the residual-strength section. In a first approximation, the elastic moduli on the 
latter section can be found by linear interpolation of the residual moduli determined in 
[5] from tests in uniaxial compression and values of the moduli at p ~ p(~) (the latter coin- 
cide with the moduli of the unfractured material [6]). The elastic moduli decrease during 
deformation on the softening section and can be approximately determined by linear inter- 
polation of the residual moduli and the moduli of the unfractured material (at the maximum 
strength). 

3. To obtain the constants in the equations of the yield-point surface and the dilatation 
condition, we analyzed the results of static tests [2, 3, 7] conducted under conditions of 
constant lateral pressure or simple loading: Tables 1 and 2 (m 0 is porosity, y I ~ Y2, Y3 ~ 0, 
KI = K/~, G~ = G,%~, R~ = Rp/~, , Rp is technical cohesive strength, R c = 2~). Tests of Hoggar 

granite [7] were conducted for very large values (p < 72). It turned out that no transition 
from Coulomb states to the Tresca state occurred even at these substantial pressures. For 
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TABLE 4 

Parameters 

Tr, o, ~ 
x~, MPa 
K I "  1 0  - 2  

G1.10 -2 
Yl' t03 

$1 
Sz 

$3 

A1 
M O . t 0 - a  

AO 
Ao 

a o  

R~.I0 a 

Earth materials 

0,25 
t67 
2,i 
1,5 

25 
0,62 
0,66 

0,75 

i8 

0,8 

0,8 
58 

0,6 
45 

9 
4,5 
14 

0,59 
0,64 
0,84 
0,68 

0,tl 

20 
0,3 
t,0 
1,2 
0,8 

i,2 
128 

2,5 
],9 

40 
0,66 
0,76 
0,87 
0,84 

0,04 

39 
t,6 
t,5 
i,6 
1,2 

50 

0,8 
tt7 

4,3 
2,7 

t8 
0,62 
0,65 

0,87 

0.,00 

35 
4,5 
i,O 

1,1 
56 

4.,6 

98 
2,9 
i,8 

0,4' 
0,6 

0,7' 

20 

t,0 

0,7 

8~ 
2,i 
1,6 

0,6~ 
0,6! 
0,8~ 
0,7~ 

0,0~ 5 

24 
2,7 
t,3 
t,6 
0,9 

46 

9 
53 

5,i 
3,2 

0,56 
0,60 

0,65 

0,32 

20 
9,0 
0,5 

1,2 

2,6 
99 

4,0 
2,5 
22 

0,59 
0,66 
0,85 
0,75 

O,il 

25 
3,6 
l,O 
1,5 
i,O " 
53 

Note: i) diorites; 2) marbles; 3) granites; 4) diabases; 
5) siltstones; 6) sandstones; 7) limestones; 8) values of 
the parameters averaged over all of the earth materials 
studied. 

TABLE 5 

Source 

[21 
[91 

[10l 

l z 13 
! 

66 64 I 76 

73 59 I 78 
- -  7 9  

~arth material: 

4 5 [ 6 
J 

65 61 -I 69 

73 65 t 71 
- -  - -  7 4  

7 

60 
59 
67 

7' 

65 
66 

66 
68 
72 

Note: the numbers have the same meanings as 
in Table 4 (7' denotes claystones). 

Hoggar granite, the parameter S 2 generally depends on p: S 2 =0.8(p! 19); S 2 = [0.8(71 - p) + 
0.65(p - 19)]/52 (19 < p ! 71). 

The coefficient of variation of the strength properties of the investigated earth 
materials ranged from 50 to 75%, while the correlation coefficient was within the range 97- 
99.9%. There is an adequate amount of data for the sandstones and siltstones. Thus, the 
following correlation relations were obtained for these materials for the correlation 
between the parameters of the model and porosity: W i = M i + Nim 0 (i = i, 2, ..., n), where 
the values of the coefficients M i and N i and the corresponding correlation coefficients are 
shown in Table 3 (Nugget sandstone was excluded from the analysis). Table 4 shows model 
parameters averaged for each group of earth materials. This data can be used for approximate 
calculations if the type of material is not known. 

Experiments performed in [8] make it possible to evaluate the effect of strain rate 
~a on the parameters x~, x~, M ~ A ~ A~. It turns out that the modulus M ~ decreases appre- 
ciably and strength increases somewhat with an increase in e 3. The dilatation rate is slightly 
dependent on ~3. 

Some authors [9, i0] have suggested that the equations of the maximum-strength surface 
be written in the largest and smallest principal stresses. Here, the effect of the inter- 
mediate principal stress is completely ignored. The relations constructed in [9, i0] were 
reconstructed in an invariant form and the resulting values of the exponent $2"I02 (Y2 �9 0) 
are given in Table 5. It is evident from the table that these results agree satisfactorily 
with each other and with the measurements in [2]. 
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NONAXISYMMETRIC SOLUTION BIFURCATION AND THE 

STABILITY OF SHELLS OF REVOLUTION WITH A SINGULAR 

PERTURBATION 

V. V. Larchenko UDC 539.3:534.1 

We are examining the phenomenon of branching of the modes of equilibrium of a thin shell 
without buckling. Engineers are often faced with the problem of choosing a shell structure 
from the desired stable state when it has several equilibrium positions. In engineering 
practice, such requirements are typical, for example, in the use of shells as protective 
exploding membranes, in pneumatic automation systems containing shell elements, etc. The 
difficulties encountered in analyzing;this type of problem are directly related to one 
of the central problems in the membrane theory of shells - the existence of many stable 
modes for one value of the load parameter. 

Here we analyze the post-critical deformation of nearly perfect thin elastic shells 
under the influence of pressure 

p = q~ + p, p* = m i n n  {Pn}' 

where q is a small scalar parameter; q(~, 6) is a function characterizing the distribution 
of the perturbing pressure over the surface of the shell; {Pn} are eigenvalues. The 
dependence of the branching of a nonaxisymmetric mode of loss of stability of a conical shell 
on the form of the N-function was established. It was found that nonaxisymmetric bifurcation 
is accompanied either by an explosion or by buckling. The phenomenon of buckling is charac- 
terized by the fact that attainment of the bifurcation point does not exhaust the load- 
carrying capacity of the shell. If it is energetically favorable, the nonaxisymmetric mode is 
seen in the static state [i]. 
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